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Abstrat
We onsider the onformal group of the unit sphere Sn−1, the so-alled proper
Lorentz group Spin
+(1, n), for the study of spherial ontinuous wavelet transforms
(CWT). Our approah is based on the method for onstrution of general oher-
ent states assoiated to square integrable group representations over homogeneous
spaes. The underlying homogeneous spae is an extension to the whole of the group
Spin
+(1, n) of the fatorization of the gyrogroup of the unit ball by an appropriate
gyro-subgroup. Setions on this homogeneous spae are onstituted by rotations of the
subgroup Spin(n) and Möbius transformations of the type ϕa(x) = (x− a)(1+ ax)−1,
where a belongs to a given setion on a homogeneous spae of the unit ball. This
extends in a natural way the work of Antoine and Vandergheynst to anisotropi on-
formal dilations.
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1 Introdution
In the last deade there has been a growing interest in wavelet theory on the unit sphere
for an eient analysis of spherial data. Several wavelet transforms on the sphere have
been proposed in reent years and their performane depends on the appliation. In
1995, Shröder and Sweldens [28℄ desribe an orthogonal wavelet transform on the sphere
based on the Haar wavelet funtion but this onstrution is limited to the Haar fun-
tion. Holshneider [24℄ was the rst to build a genuine spherial CWT, but it ontains a
parameter that although interpreted as a dilation parameter it is diult to ompute. A
satisfatory approah was obtained by Antoine and Vandergheynt [8, 9℄ building a rigorous
spherial CWT based on a group theoretial approah. Using appropriate ombinations of
spherial harmonis, Freeden et al. [18℄ dened approximation kernels and introdued a
disrete wavelet transform through a kind of multiresolution on S2 on the Fourier domain.
As demonstrated in Antoine et al. [7℄, the approximation sheme of Freeden et al. [18℄ an
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be realized in the general ontinuous wavelet theory, based on group-theoretial onsidera-
tions. Many other papers [11, 21℄ desribe appliations of spherial wavelets for detetion
of non-Gaussianity in Cosmi Mirowave Bakground (CMB). These works have been ex-
tended to diretional wavelet transforms [7, 22, 23, 25℄. All these new ontinuous wavelet
deompositions are interesting for data analysis. Reently, new multisale transforms were
introdued on the sphere based on urvelets and ridgelets [1, 2℄ with appliations to de-
noising and ltering methods. It is visible a growing interest in diretional or anisotropi
wavelets on the sphere. The anisotropi dilation operator introdued in Hobson et al. [22℄
and used in Frossard et al. [20℄ allows the onstrution of anisotropi wavelets through
dilations in two orthogonal diretions. However, in this anisotropi setting, a bounded
admissibility integral annot be determined (even in the plane) and thus the synthesis of a
signal from its oeients annot be performed. This is a diret onsequene of the absene
of a group struture and an easy evaluation of the proper measure in the reonstrution
formula. However, in our approah we are able to derive anisotropi onformal dilations
from Möbius transformations, whih are natural transformations on the unit sphere and,
hene, to onstrut anisotropi spherial CWT using group theory. Our anisotropi dila-
tion operator is learly dierent of the one dened in [22℄ sine it depends on the setion
hosen on an appropriate homogeneous spae of the unit ball. Thus, a whole family of
anisotropi dilation operators an be dened and used in signal proessing on the unit
sphere.
The onstrution of integral transforms related to group representations on L2−spaes
on manifolds is a non-trivial problem beause the square integrability property may fail
to hold. For example, in the ase of the unit sphere Sn−1 there are no square integrable
unitary representations on L2(Sn−1) for n > 3, [29℄. A way to overome this fat is to make
the group smaller, i.e., to fator out a suitable losed subgroup H and to restrit the repre-
sentation to a quotient X = G/H. This approah was suessful realized in the ase of the
unit sphere [8, 9℄. The authors used the onformal group of Sn−1, the onneted omponent
of the Lorentz group SO0(1, n) and its Iwasawa deomposition, or KAN−deomposition,
where K is the maximal ompat subgroup SO(n), A = SO(1, 1) ∼= (R+∗ ,×) is the sub-
group of Lorentz boosts in the xn−diretion and N ∼= Rn−1 is a nilpotent subgroup.
The homogeneous spae X = SO0(1, n)/N ∼= SO(n) × R+∗ gives rise to the parameter
spae of the isotropi spherial CWT. This approah is restrited to pure dilations on the
unit sphere, aording to the inverse stereographi projetion of dilations from the plane
to the sphere [8, 12℄. However, as we will show in this paper, the spherial CWT an
be extended to anisotropi onformal dilations, while preserving the main properties of
square-integrability and invertibility. Our approah allow us to onnet the geometry of
onformal transformations on the sphere with wavelet theory.
In our paper [12℄ we used rotations of the group Spin(n) and Möbius transformations
of the form ϕa(x) = (x − a)(1 + ax)−1, a ∈ Bn, being Bn the open unit ball in Rn, as
the basi and natural transformations for building a CWT on the sphere. In this paper we
will make a rigorous onstrution of spherial ontinuous wavelet transforms on the unit
sphere arising from setions of the Lorentz group Spin
+(1, n). In physis, the Lorentz group
is the lassial setting for all (nongravittional) physial phenomena. The mathematial
form of the kinematial laws of speial relativity, Maxwell's eld equations in the theory
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of eletromagnetis and Dira's equation in the theory of the eletron are eah invariant
under Lorentz transformations. In pure mathematis, the restrited (or proper) Lorentz
group arises as the Möbius group, whih is the symmetry group of onformal geometry
on the Riemann sphere. Cliord algebra provides an easy identiation of the proper
Lorentz group with the group Spin
+(1, n), whih is a double overing group of SO0(1, n)
[3, 17, 13℄. It an be deomposed by the Cartan deomposition KAK, where K = Spin(n)
and AK ∼= Bn. Thus, the unit ball Bn enodes all the neessary information for the study
of dilations on the unit sphere, through Möbius transformations of type ϕa(x). This rests
on the study of the properties of spherial aps under the ation of Möbius transformations
[12℄, whih is in the spirit of the Erlangen program of F. Klein, the study of the invariants
of a given geometry. It is also well-known that the group of projetive transformations of
the unit ball desribes relativisti dynamis of some physial phenomena [19℄.
The paper is organized as follows. In Setion 2 we present the notions of Cliord
algebras needed to the readability of the paper. More details on this topi an be found
e.g. in Delanghe et al. [16℄ and Cnops [13℄. In Setion 3 we desribe the proper Lorentz
group Spin
+(1, n) in the framework of Cliord algebra and we introdue the struture of
gyrogroup neessary to the desription of the gyrogroup of the unit ball (Bn,⊕). In Setion
4 we fatorize the gyrogroup (Bn,⊕) by the gyro-subgroup (Dn−1en ,⊕) and we onstrut
setions for the respetive homogeneous spae whih are extended to the whole of the
group Spin
+(1, n). In Setion 5 we derive the generalized (anisotropi) spherial CWT and
in Setion 6 we disuss its anisotropy and ovariane properties.
2 Preliminaries
Let e1, . . . , en be an orthonormal basis of R
n. The universal real Cliord algebra Cl0,n
is the free algebra over R
n
generated modulo the relation x2 = −|x|2, for x ∈ Rn. The
non-ommutative multipliation in Cl0,n is governed by the rules
eiej + ejei = −2δij , ∀ i, j ∈ {1, . . . , n}.
For a set A = {i1, . . . , ik} ⊂ {1, . . . , n}, with 1 ≤ i1 < . . . < ik ≤ n, let eA = ei1ei2 · · · eik
and e∅ = 1. Then {eA : A ⊂ {1, . . . , n}} is a basis for Cl0,n. Thus, any a ∈ Cl0,n may be
written as a =
∑
A aAeA, with aA ∈ R or still as a =
∑n
k=0[a]k, where [a]k =
∑
|A|=k aAeA
is a so-alled k-vector (k = 0, 1, . . . , n). We an identify a vetor x = (x1, . . . , xn) ∈ Rn
with the one-vetor x =
∑n
j=1 xjej .
The produt of any two vetors (or geometri produt) is given by
xy = −〈x, y〉+ x ∧ y
where
〈x, y〉 =
m∑
j=1
xjyj = −1
2
(xy + yx)
and
x ∧ y =
∑
i<j
(xiyj − xjyi)eij = 1
2
(xy − yx)
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are the salar (or symmetri) part and the bivetorial (or antisymmetri) part of the
geometri produt, respetively.
There are two linear anti-automorphisms
∗
(reversion) and
−
(onjugation) and an
automorphism
′
of Cl0,n dened on its basis elements eA = ei1ei2 · · · eik , by the rules:
(eA)
∗ = (−1)k(k−1)2 eA, eA = (−1)
k(k+1)
2 eA, e
′
A = (−1)keA.
Thus, we have (ab)∗ = b∗a∗, ab = ba and (ab)′ = a′b′, for any a, b ∈ Cl0,n. In partiular,
for vetors x = x′ = −x and x∗ = x. Eah non-zero vetor x ∈ Rn is invertible with
x−1 := x|x|2 . Finite produts of invertible vetors are invertible in Cl0,n and form the
Cliord group Γ(n) [13℄. Elements a ∈ Γ(n) suh that aa = ±1 form the Pin(n) group - the
double over of the group of orthogonal transformations O(n), and elements a ∈ Γ(n) suh
that aa = 1 form the Spin(n) group - the double over of the group of speial orthogonal
transformations SO(n). For eah s ∈ Spin(n), the mapping χs : Rn → Rn, χs(x) = sxs
denes a rotation. As kerχ = {−1, 1} the group Spin(n) is a double overing group of
SO(n).
In Cliord algebra the group of Möbius transformations in R
n
an be desribed by
2× 2−matries with entries in Γ(n) ∪ {0}, forming the group Γ(1, n + 1) [3, 13℄.
Theorem 1 (Vahlen [13℄, 1904/ Alfhors [3℄, 1986) A matrix A =
(
a b
c d
)
represents a
Möbius transformation in R
n
if and only if
1. a, b, c, d ∈ Γ(n) ∪ {0};
2. ab∗, cd∗, c∗a, d∗b ∈ Rn;
3. the pseudodeterminant of A, λ = ad∗ − bc∗, is real and non zero.
For a matrix A fullling the onditions of Theorem 1 we an dene the respetive
frational linear transformation of R
n
( here R
n
denotes the ompatiation of R
n
by
the point at innity) given by y = (ax + b)(cx + d)−1. Thus, we have the analogy with
frational-linear transformations of the omplex plane C. Due to the non-ommutative
harater of Cliord algebras, xy−1 6= y−1x in general. From now on we identify e1, . . . , en
with the anonial basis in R
n.
3 The proper Lorentz group Spin
+(1, n)
The full Lorentz group G = SO(1, n) onsists of linear homogeneous transformations of the
(n + 1)−dimensional spae under whih the quadrati form |x|2 = x20 − |x|2, is invariant,
where x = (x0, x) and x = (x1, . . . , xn). Here we identify x0 with the time omponent
and the n−vetor x = (x1, x2, . . . , xn) with the spatial omponent. The group of all
Lorentz transformations preserving both orientation and the diretion of time is alled
the proper orthohronous Lorentz group and it is denoted by SO0(1, n) or sometimes by
SO+(1, n). It is generated by spatial rotations of the maximal ompat subgroup K =
4
SO(n) and hyperboli rotations of the subgroup A = SO(1, 1), aordingly to the Cartan
deomposition KAK of SO0(1, n) (see [29, 34℄).
The group SO0(1, n) is onneted and loally ompat. The oset spaeX = SO0(1, n)/K
is the Lobahevsky spae of dimension n. It an be realized in various manners, e.g. by
the upper sheet of the hyperboloid H+ = {x = (x0, x) : x20 − |x|2 = 1, x0 > 0} or by the
unit ball Bn = {x ∈ Rn : |x| < 1}. However, for our purpose, we shall use throughout this
paper this last realization.
The double overing group of SO0(1, n) is the group Spin
+(1, n). In Cliord algebra it
an be desribed by Vahlen matries [3, 13, 27℄. These matries an be deomposed into
the maximal ompat subgroup Spin(n) and the set of Möbius transformations of the form
ϕa(x) = (x−a)(1+ax)−1, a ∈ Bn, whih map the losed unit ball Bn onto itself. These are
the multi-dimensional analogous transformations of the well known Möbius transformations
of the omplex plane ϕu(z) =
z−u
1−uz , u ∈ D, whih maps the unit dis D = {z ∈ C : |z| < 1}
onto itself.
Möbius transformations ϕa(x) an also be written as
ϕa(x) =
(1− |a|2)x− (1 + |x|2 − 2 〈a, x〉)a
1− 2 〈a, x〉+ |a|2|x|2 , (1)
from whih we derive its real omponents.
The omposition of two Möbius transformations of type (1) is (up to a rotation) again
a Möbius transformation of the same type:
(ϕa ◦ ϕb)(x) = q ϕ(1−ab)−1(a+b)(x) q, q =
1− ab
|1− ab| ∈ Spin(n). (2)
Thus, we an endow the unit ball Bn with a binary operation
b⊕ a = (1− ab)−1(a+ b) = (a+ b)(1− ba)−1 = ϕ−b(a). (3)
We notie that on (Bn,⊕) the neutral element is zero while eah element a ∈ Bn has an
inverse given by the symmetri element −a. This operation is non-ommutative sine
b⊕ a = q (a⊕ b) q, q = 1− ab|1− ab| ∈ Spin(n), (4)
and it is also non-assoiative again due to the rotation indued by q.
Proposition 1 For all a, b, c ∈ Bn it holds
a⊕ (b⊕ c) = (a⊕ b)⊕ (qcq), with q = 1− ab|1− ab| ∈ Spin(n). (5)
Proof: By the assoiativity of the omposition of Möbius transformations we have on
the one hand
((ϕc ◦ ϕb) ◦ ϕa)(x) = ((q1ϕb⊕cq1) ◦ ϕa)(x)
= q1ϕb⊕c(ϕa(x))q1
= q1q2ϕa⊕(b⊕c)(x)q2 q1
= q1q2ϕa⊕(b⊕c)(x)q2 q1,
5
with q1 =
1−cb
|1−cb| and q2 =
1−(b⊕c)a
|1−(b⊕c)a| .
On the other hand we have
(ϕc ◦ (ϕb ◦ ϕa))(x) = (ϕc ◦ (q3ϕa⊕bq3))(x)
= ϕc(q3ϕa⊕b(x)q3)
= q3ϕq3cq3(ϕa⊕b(x))q3
= q3q4ϕ(a⊕b)⊕(q3cq3)(x)q4 q3,
with q3 =
1−ba
|1−ba| and q4 =
1−(q3cq3)(a⊕b)
|1−(q3cq3)(a⊕b)| .
Thus, q1q2 = q3q4 and a⊕ (b⊕ c) = (a⊕ b)⊕ (qcq), with q = 1−ab|1−ab| .
Assoiativity ours only in some speial ases as we an see in the next Lemma.
Lemma 1 If a, b, c ∈ Bn suh that a//b or a ⊥ c and b ⊥ c then the operation ⊕ is
assoiative, i.e.
a⊕ (b⊕ c) = (a⊕ b)⊕ c.
Left and right anelation laws have dierent properties:
Lemma 2 For all a, b ∈ Bn it holds
(−b)⊕ (b⊕ a) = a (6)
(a⊕ b)⊕ (q(−b)q) = a, with q = 1−ab|1−ab| . (7)
Thus, (Bn,⊕) does not have a lassi group struture but a struture of a gyrogroup.
This struture was introdued by A. Ungar [31, 32, 33℄. Gyrogroups are speial loops whih
share remarkable analogies with groups, thus generalizing the notion of group. The rst
known gyrogroup was the relativisti gyrogroup that appeared in 1988 [32℄. It onsists of
the unit ball B3 = {x ∈ R3 : |x| < 1} with Einstein's addition of relativistially admissible
veloities. The notion of gyrogroup appears by the extension of the Einstein relativisti
groupoid and the Thomas preession eet (related by the rotation indued by q). The
gyrolanguage was adopted by Ungar sine 1991. It rests on the uniation of Eulidean
and hyperboli geometry in terms of the analogies shared [31℄.
Denition 1 ([31℄) A groupoid (G,⊕) is a gyrogroup if its binary operation satises the
following axioms:
(G1) In G there is at least one element 0, alled a left identity satisfying 0 ⊕ a = a, for
all a ∈ G.
(G2) For eah a ∈ G there is an element ⊖a ∈ G, alled a left inverse of a, satisfying
⊖a⊕ a = 0.
(G3) For any a, b, c, d ∈ G there exists a unique element gyr[a, b]c ∈ G suh that the
binary operation satises the left gyroassoiative law
a⊕ (b⊕ c) = (a⊕ b)⊕ gyr[a, b]c.
6
(G4) The map gyr[a, b] : G → G given by c 7→ gyr[a, b]c is an automorphism of the
groupoid (G,⊕), that is gyr[a, b] ∈ Aut(G,⊕).
(G5) The gyroautomorphism gyr[a, b] possesses the left loop property
gyr[a, b] = gyr[a⊕ b, b].
Denition 2 A gyrogroup (G,⊕) is gyroommutative if its binary operation satises a ⊕
b = gyr[a, b](b ⊕ a), for all a, b ∈ G.
Left gyrotranslations are dened by τ la(b) = a⊕b and right gyrotranslations by τ ra(b) =
b⊕ a. In a gyrogroup they have dierent properties.
Proposition 2 ([31℄) Let (G,⊕) be a gyrogroup and let a, b ∈ G. The unique solution of
the equation a⊕x = b in G is given by x = ⊖a⊕ b, and the unique solution of the equation
x⊕ a = b in G is given by x = b⊖ gyr[b, a]a.
One of the most important results of this theory is that the gyro-semidiret produt
of a gyrogroup (G,⊕) with a gyroautomorphism group H ⊂ Aut(G,⊕) is a group [31℄. In
our ase the result is stated as
Proposition 3 The gyro-semidiret produt between (Bn,⊕) and Spin(n) is the group of
pairs (s, a) where a ∈ Bn and s ∈ Spin(n), with operation × given by the gyro-semidiret
produt
(s1, a)× (s2, b) = (s1s2q, b⊕ (s2as2)), with q = 1− s2as2b|1− s2as2b| . (8)
This is a generalization of the external semidiret produt of groups (see [26℄). We
need to establish some properties between Möbius transformations and rotations.
Lemma 3 For s ∈ Spin(n) and a ∈ Bn we have
(i) ϕa(sxs) = sϕsas(x)s and (ii) sϕa(x)s = ϕsas(sxs) . (9)
These properties are easily transferred to the gyrogroup (Bn,⊕).
Corollary 1 The following equalities hold
(i) (sas)⊕ b = s(a⊕ (sbs))s and (ii) s(a⊕ b)s = (sas)⊕ (sbs) . (10)
The relation (sas) ⊕ (sbs) = s(a ⊕ b)s denes a homomorphism of Spin(n) onto the
gyrogroup (Bn,⊕).
From the deomposition (8) we an derive the Cartan or KAK deomposition of the
group Spin
+(1, n), where K = Spin(n) and A = Spin(1, 1) is the subgroup of Lorentz
boosts in the en−diretion.
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Lemma 4 Eah a ∈ Bn an be written as a = srens, where r = |a| ∈ [0, 1[ and s =
s1 · · · sn−1 ∈ Spin(n) with
si = cos
θi
2
+ ei+1ei sin
θi
2
, i = 1, . . . , n− 1, (11)
where 0 ≤ θ1 < 2π 0 ≤ θi < π, i = 2, . . . , n− 1.
This follows from the desription of a ∈ Bn in spherial oordinates using the rotors
(11). These rotors desribe rotations in oordinate planes. For s = cos
(
θ
2
)
+ eiej sin
(
θ
2
)
,
i 6= j we have
sxs = (cos θ xi − sin θ xj)ei + (cos θ xj + sin θ xi)ej +
∑
k 6=i,j
xkek ,
whih represents a rotation of angle θ in the eiej−plane. In general we have sisj 6= sjsi,
i 6= j. The order of the rotors is important sine dierent hoies lead to dierent systems of
oordinates. Due to the relevane of the rotor sn−1 for our work we shall denote θn−1 := φ.
Lemma 5 For a ∈ Bn as desribed in Lemma 4 it follows
ϕa(x) = ϕsrens(x) = sϕren(sxs)s.
Combining Lemma 5 with the rotation in deomposition (8) yields the Cartan deom-
position or KAK deomposition of Spin+(1, n).
For the onstrution of a theory of setions we need to onsider some speial gyro-
subgroups.
Denition 3 Let (G,⊕) be a gyrogroup and H a non-empty subset of G. H is a gyro-
subgroup of (G,⊕) if it is a gyrogroup for the operation indued from G and gyr[a, b]c ∈
Aut(H) for all a, b, c ∈ H.
For a xed ω ∈ Sn−1, we onsider the hyperplane Hω = {x ∈ Rn : 〈ω, x〉 = 0}, the
hyperdis Dn−1ω = Hω ∩ Bn and Lω = {x ∈ Bn : x = tω, −1 < t < 1}. Using (3) and (1)
we derive the following gyro-subgroups.
Proposition 4 The sets Dn−1ω and Lω endowed with the operation ⊕ are gyro-subgroups
of (Bn,⊕). Moreover, (Lω,⊕) is a group.
The last property omes diretly from Lemma 1. The operation ⊕ in Lω orresponds
to the Einstein veloity addition of parallel veloities in the speial theory of relativity.
The partiular group (Len ,⊕) is isomorphi to the Spin(1, 1) group.
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4 Setions of the proper Lorentz group
We want to fatorize the proper Lorentz group and to onstrut setions on the respetive
homogeneous spae. First we will study the fatorization of the gyrogroup (Bn,⊕) by the
gyro-subgroup (Dn−1en ,⊕), taking into onsideration only left osets.
Theorem 2 For eah c ∈ Bn there exist unique a ∈ Dn−1en and b ∈ Len suh that c = b⊕a.
Proof: Let c = (c1, . . . , cn) ∈ Bn be an arbitrary point. By Lemma 4 we an write
c = s∗c∗s∗, with s∗ = s1 . . . sn−2 ∈ Spin(n−1), (this rotation leaves the xn−axis invariant)
and c∗ = (0, . . . , 0, c∗n−1, cn), where c∗n−1 = r sinφ and cn = r cosφ, with r = |c| ∈ [0, 1[
and φ = arccos(cn) ∈ [0, π].
First we prove the existene of the deomposition for c∗. If c∗n−1 = 0 then it sues to
onsider a = 0 and b = c∗. If c∗n−1 6= 0 then we onsider a = λen−1 and b = ten suh that
λ =
|c∗|2 − 1 +
√
((cn + 1)2 + c∗
2
n−1)((cn − 1)2 + c∗2n−1)
2c∗n−1
and t =
cn
λc∗n−1 + 1
. (12)
We an see that −1 < λ, t < 1. Thus, a ∈ Dn−1en and b ∈ Len . Taking into aount that
a ⊥ b, that is 〈a, b〉 = 0, we obtain
b⊕ a =
(
0, . . . , 0,
λ(1− t2)
1 + λ2t2
,
t(1 + λ2)
1 + λ2t2
)
= c∗.
Now, we prove the existene result for the arbitrary point c ∈ Bn. Considering a∗ =
s∗as∗ then a∗ ∈ Dn−1en sine the rotation indued by s∗ leaves the xn−axis invariant. Thus,
by (10) we have
b⊕ (s∗as∗) = s∗((s∗bs∗)⊕ a)s∗ = s∗(b⊕ a)s∗ = s∗c∗s∗ = c,
whih shows that c = b⊕ a∗ and the existene of the deomposition is proved.
To prove the uniqueness we suppose that there exist a, d ∈ Dn−1en and b, f ∈ Len suh
that c = b ⊕ a = f ⊕ d. Then a = (−b) ⊕ (f ⊕ d), by (6). As b ⊥ d and f ⊥ d we have
that a = ((−b) ⊕ f) ⊕ d, by Lemma 1. Sine by hypothesis a, d ∈ Dn−1en , (−b) ⊕ f must
be an element of Dn−1en . This is true if and only if (−b) ⊕ f = 0. This implies b = f and
a = d⊕ 0 = d.
If we onsider the subgroup Dn−1en and the relation R dened by
∀ c, d ∈ Bn, c R d ⇔ ∃ a ∈ Dn−1en : c = d⊕ a,
then R is a reexive relation but it is not symmetri nor transitive beause the operation
⊕ is neither ommutative nor assoiative. Thus R is not an equivalene relation. However,
an equivalene relation an be built if we have a partition of the unit ball.
Proposition 5 The family {Sb : b ∈ Len}, with Sb = {b ⊕ a : a ∈ Dn−1en } is a disjoint
partition of Bn.
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Proof: We rst prove that this family is indeed disjoint. Let b = t1en and c = t2en
with t1 6= t2, and assume that Sb ∩ Sc 6= ∅. Then there exists f ∈ Bn suh that f = b⊕ a
and f = c ⊕ d for some a, d ∈ Dn−1en . By (6) and (5) we have a = (−b) ⊕ (c ⊕ d) =
((−b)⊕ c)⊕ (qdq), with q = 1+bc|1+bc| . But q = 1+bc|1+bc| = 1−t1t2|1−t1t2| = 1, hene a = ((−b)⊕ c)⊕ d.
Then (−b)⊕ c ∈ Dn−1en beause a, d ∈ Dn−1en . Therefore, (−b)⊕ c = 0 or either b = c. But
this ontradits our assumption. Finally, by Theorem 2 we have that ∪b∈LenSb = Bn.
This partition indues an equivalene relation on Bn whose equivalene lasses are the
surfaes Sb. Two points c, d ∈ Bn are said to be in relation if and only if there exists b ∈ Len
suh that c, d ∈ Sb, whih means
c ∼l d ⇔ ∃b ∈ Len , ∃ a, f ∈ Dn−1en : c = b⊕ a and d = b⊕ f. (13)
This relation is equivalent to
c ∼l d ⇔ ∃ b ∈ Len , ∃ a, f ∈ Dn−1en : c⊕ (q1(−a)q1) = d⊕ (q2(−f)q2),
with q1 =
1−ab
|1−ab| and q2 =
1−fb
|1−fb| .
Thus, we have proved the isomorphism Bn/(Dn−1en ,∼l) ∼= Len . Given c ∈ Bn we
denote by [c] its equivalene lass on Bn/(Dn−1en ,∼l). A natural projetion an be dened
by π : Bn → Len , suh that π(c) = b, by the unique deomposition of c ∈ Bn given in
Theorem 2. More generally, we have the isomorphisms Bn/(Dn−1ω ,∼l) ∼= Lω, ω ∈ Sn−1.
Now, we will give a haraterization of the surfaes Sb.
Proposition 6 For eah b = ten ∈ Len the surfae Sb is a revolution surfae in turn of
the xn−axis obtained by the intersetion of Bn with the sphere orthogonal to Sn−1, with
enter in the point C = (0, . . . , 0, 1+t
2
2t ) and radius τ =
1−t2
2|t| .
Proof: Let b = ten ∈ Len , c = λen−1 ∈ Dn−1en and
P := b⊕ c =
(
0, . . . , 0,
λ(1− t2)
1 + λ2t2
,
t(1 + λ2)
1 + λ2t2
)
.
Let Cb = {b ⊕ c : c = λen−1, 0 ≤ λ < 1}. Eah a ∈ Dn−1en an be desribed as a = s∗cs∗,
for some c = λen−1 and s∗ = s1 · · · sn−2 ∈ Spin(n− 1). Then, by (10) we have
b⊕ (s∗cs∗) = s∗((s∗bs∗)⊕ c)s∗ = s∗(b⊕ c)s∗.
Thus, Sb is a surfae of revolution obtained by revolution in turn of the xn-axis of the ar
Cb. The last oordinate of the surfae Sb gives the orientation of its onavity.
For all λ ∈ [0, 1[, we have ||P − C||2 = τ2, with C = (0, . . . , 0, 1+t22t ) and τ = 1−t
2
2|t| ,
whih means that the ar Cb lies on the sphere entered at C and radius τ. Moreover, as
t tends to zero the radius of the sphere tends to innity thus proving that the surfae S0
oinides with the hyperdis Dn−1en .
Eah Sb is orthogonal to S
n−1
beause ||C||2 = 1+τ2.We reall that two spheres, S1 and
S2, with enters m1 and m2 and radii τ1 and τ2, respetively, interset orthogonally if and
only if 〈m1 − y,m2 − y〉 = 0, for all y ∈ S1 ∩S2, or equivalently, if ||m1−m2||2 = τ21 + τ22 .
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We an observe the projetion of these orbits in the xn−1xn−plane:
Figure 1: Cut of the surfaes Sb, in the xn−1xn−plane.
The spae Y = Bn/(Dn−1en ,∼l) beomes a homogeneous spae endowed with the map-
ping
h : Bn × Y → Y, h(c, [a]) = [c⊕ a]. (14)
We onsider Len the fundamental setion σ0, whih orresponds to the Spin(1, 1) sub-
group. From Proposition 6 an entire lass of setions σ : Bn/(Dn−1en ,∼l) →
Bn an be obtained from Len by onsidering
σ(ten) = ten ⊕ g(t)en−1 =
(
0, . . . , 0,
g(t)(1 − t2)
1 + (tg(t))2
,
t(1 + g(t)2)
1 + (tg(t))2
)
, (15)
where g :] − 1, 1[→] − 1, 1[ is alled the generating funtion of the setion. Depending on
the properties of the funtion g we an have setions that are Borel maps and also smooth
setions. If g ∈ Ck(]− 1, 1[), k ∈ N, then the setion generates a Ck-urve inside the unit
ball. For example, for eah λ ∈]− 1, 1[ if we onsider g(t) = λ, (t ∈]− 1, 1[) then we obtain
the family of setions σλ(t) =
(
0, . . . , 0, λ(1−t
2)
1+t2λ2
, t(1+λ
2)
1+t2λ2
)
. Another example is the family of
setions σc(φ) dened for eah c ∈]− 1, 1[ by σc(φ) = (0, . . . , 0, c sin φ,− cosφ), φ ∈]0, π[.
The intersetion of eah setion σc with the orbits Sb gives us the generating funtion of
σc. For c ∈]− 1, 1[\{0} we obtain the generating funtion
g(t) =

√
t2−1+
√
(1−t2)2+4c4t2
2t2c2
, t ∈]− 1, 1[\{0}
c, t = 0
,
and the relation between the generating funtion and σc is given by
cosφ =
 − t(1+g(t)
2)
1+(tg(t))2
= − t2(2c2+1)−1+
√
(1−t2)2+4c4t2
t(2c2+t2−1+
√
(1−t2)2+4c4t2 ) , t ∈]− 1, 1[\{0}
0, t = 0
.
For λ = 0 or c = 0 we obtain the fundamental setion of the homogenous spae Y.
Until now we only onsidered the fatorization of the gyrogroup (Bn,⊕). In order to
inorporate rotations in our sheme we now extend the equivalene relation (13) to the
group Spin
+(1, n) aording to the group operation (8). It is easy to see that the diret
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produt {1}×Dn−1en is a gyrogroup, where 1 is the identity rotation in Spin(n). Our goal is to
dene an equivalene relation ∼∗l on Spin(n)×Bn, whih is an extension of the equivalene
relation ∼l on Bn, suh that the homogeneous spae X = (Spin(n)×Bn)/({1}×Dn−1en ,∼∗l )
is isomorphi as a set to Spin(n)× Len .
For (s1, c), (s2, d) ∈ Spin(n)×Bn we dene the equivalene relation ∼∗l by
(s1, c) ∼∗l (s2, d)⇔ ∃ s3 ∈ Spin(n), ∃ b ∈ Len , ∃ a, f ∈ Dn−1en :
(s1, c) =
(
s3
1−[(−a)⊕(b⊕a)]a
|1−[(−a)⊕(b⊕a)]a| , (−a)⊕ (b⊕ a)
)
× (e, a)
and
(s2, d) =
(
s3
1−[(−f)⊕(b⊕f)]f
|1−[(−f)⊕(b⊕f)]f | , (−f)⊕ (b⊕ f)
)
× (e, f).
The equivalene relation (4) redues to
(s1, c) ∼∗l (s2, d)⇔ ∃ s3 ∈ Spin(n), ∃ b ∈ Len , ∃ a, f ∈ Dn−1en :
s1 = s2 ∧ (c = b⊕ a ∧ d = b⊕ f). (16)
It is easy to see that the equivalene lass assoiated to (s1, c) is equal to {s1} × [c],
with [c] = Sb ∈ Bn/(Dn−1en ,∼l), and the quotient spae is X = {{s}× Sb : s ∈ Spin(n), b ∈
Len} ∼= Spin(n)× Len . The group Spin+(1, n) ats on X aording to (8) by the mapping
g : Spin+(1, n)×X → X
((s1, a), (s2, [c])) 7→
(
s1s2
1− s2as2c
|1− s2as2c| , [c⊕ (s2as2)]
)
.
The spae X will be the underlying homogeneous spae for the onstrution of spherial
ontinuous wavelet transforms.
5 Lorentz Coherent States as Wavelets on Sn−1
The theory of square integrability of group representations on homogeneous spaes was
developed in a series of papers [4, 6℄ and applied for example in [14℄ for the ase of the
Weyl Heisenberg group and in [15℄ for Gabor analysis on the unit sphere. The theory
depends only on the homogeneous spae, on the hoie of a setion and a quasi-invariant
measure on the homogeneous spae, and on the representation of the group. Therefore,
the general approah also works in our ase sine we an obtain these terms in our ase.
We will still use the term square-integrability modulo (H,σ), where H denotes only a
gyro-subgroup beause our homogeneous spae X results from the fatorization of a group
by a gyro-subgroup.
For the onstrution of a spherial ontinuous wavelet transform we need to dene
motions (rotations and translations) and dilations on Sn−1. Translations orrespond to
rotations of the homogeneous spae Spin(n)/Spin(n − 1) and rotations an be realized
as rotations around a ertain axis on the sphere. Thus, both translations and rotations
an be assoiated with the ation of Spin(n) on Sn−1. Dilations will arise from Möbius
transformations of type ϕa(x).
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For f ∈ L2(Sn−1, dS), where dS is the usual Lebesgue surfae measure on Sn−1, we
dene the rotation and spherial dilation operators
Rsf(x) = f(sxs), s ∈ Spin(n) (17)
and
Daf(x) =
(
1− |a|2
|1− ax|2
)n−1
2
f(ϕ−a(x)), a ∈ Bn, (18)
where
(
1−|a|2
|1−ax|2
)n−1
is the Jaobian of ϕ−a(x) on Sn−1. From these operators we onstrut
the representation U of Spin+(1, n) in L2(Sn−1, dS) dened by
U(s, a)f(x) = RsDaf(x) =
(
1− |a|2
|1− asxs|2
)n−1
2
f(ϕ−a(sxs)). (19)
Proposition 7 U(s, a) is a unitary representation of the group Spin+(1, n) in L2(Sn−1, dS).
Proof: We need to prove that U(s, a) is a homomorphism of the group
Spin+(1, n) onto the spae of linear maps from the Hilbert spae L2(Sn−1, dS) onto it-
self, with respet to the group operation (8).
On the one hand we have
U(s1, a)(U(s2, b)f(x)) =
=
„
1− |a|2
|1− as1xs1|2
1− |b|2
|1− bs2ϕ−a(s1xs1)s2|2
«n−1
2
f(ϕ−b(s2ϕ−a(s1xs1)s2))
=
„
(1− |a|2)(1− |b|2)
|1− s2bs2a− (a+ s2bs2)s1xs1|2
«n−1
2
f(ϕ−(b⊕(s2as2))(s3xs3)),
with s3 = s1s2
1−s2as2b
|1−s2as2b| .
We observe that
|1− bs2ϕ−a(s1xs1)s2|
2 = |1− s2bs2(s1xs1 + a)(1− as1xs1)
−1|2
= |1− as1xs1|
−2|1− as1xs1 − s2bs2(s1xs1 + a)|
2
= |1− as1xs1|
−2|1− s2bs2a− (a+ s2bs2)s1xs1|
2
.
By (9), (2) and (4) it follows
ϕ−b(s2ϕ−a(s1xs1))s2) = ϕ−b(ϕ−s2as2)(s2 s1xs1s2)
= q1ϕ−(b+s2as2)(1−s2as2b)−1(s1s2xs1s2)q1
= ϕ−q1((s2as2)⊕b)q1(q1s1s2xs1s2q1)
= ϕ−(b⊕(s2as2))(s3xs3),
where q1 =
1−bs2as2
|1−bs2as2| .
On the other hand we have
U(s3, b⊕ (s2as2))f(x) =
„
1− |b ⊕ (s2as2)|
2
|1− (b⊕ (s2as2))s3xs3|2
«n−1
2
f(ϕ−(b⊕(s2as2))(s3xs3))
=
„
(1− |a|2)(1− |b|2)
|1− s2bs2a− (a+ s2bs2)s1xs1|2
«n−1
2
f(ϕ−(b⊕(s2as2))(s3xs3)).
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We note that
1− |b⊕ (s2as2)|2 = 1− |ϕ−b(s2as2)|2 = (1− |a|
2)(1− |b|2)
|1− bs2as2|2
and (by (4))
|1− (b⊕ (s2as2))s3xs3|
2 = |1− q2(b⊕ (s2as2))q2 s2 s1xs1s2|
2
= |1− (s2as2 ⊕ b) s2 s1xs1s2|
2
= |1− bs2as2|
−2|1− bs2as2 − (s2as2 + b)s2 s1xs1s2|
2
= |1− bs2as2|
−2|s2(1− s2bs2a)− s2(a+ s2bs2) s1xs1|
2
= |1− bs2as2|
−2|1− s2bs2a− (a+ s2bs2) s1xs1|
2
,
with q2 =
1−s2as2b
|1−s2as2b| .
Thus, U(s1, a)(U(s2, b)f(x)) = U(s3, b ⊕ (s2as2))f(x), i.e. U(s, a) is a representation
of Spin+(1, n) on L2(Sn−1, dS). As the operators Rs and Da are unitary, so is the repre-
sentation U(s, a), i.e. ||U(s, a)f ||L2(Sn−1,dS) = ||f ||L2(Sn−1,dS).
This representation an be deomposed via the Cartan deomposition of
Spin
+(1, n) giving rise to the well-known representations of the subgroups K = Spin(n)
and A = Spin(1, 1) [34℄. It belongs to the prinipal series of SO0(1, n), being irreduible
on the spae L2(Sn−1).
Following the general approah of [4℄ we will build a system of oherent states for the
Lorentz group Spin
+(1, n), indexed by points of the homogeneous spae X. For eah setion
σ on Y = Bn/(Dn−1en ,∼l) we will onsider the parameter spae Wσ = {(s, σ(ten)), s ∈
Spin(n), t ∈] − 1, 1[}. Thus, Wσ is a setion on X and we now restrit our representation
U to a given setion Wσ. For the fundamental setion Wσ0 the representation U(s, σ0)
oinides with the representation used in [9℄. To see this, we only need to make the
equivalene of the dilation operators. We reall that the dilation operator dened in [9℄ is
Duψ(ω) = λ1/2(u, φ)ψ(ω1/u),
with ω = (θ1, . . . , θn−2, φ) ∈ Sn−1, λ(u, φ) =
(
4u2
[(u2−1) cosφ+(u2+1)]2
)n−1
2
and ω1/u =
((θ1)u, . . . , (θn−2)u, φu), with (θj)u = θj, j = 1 . . . , n− 2, and tan φu2 = u tan φ2 .
Proposition 8 The dilation operators Du and Dten are equivalent, in the sense that they
produe the same ation on Sn−1.
Proof: The Möbius transformation ϕten orresponds to the Spin(1, 1) ation, whih is
the usual Eulidean dilation lifted on Sn−1 by inverse stereographi projetion from the
South Pole [12℄. It remains to show that the weights of the dilation operators Du and
Dten are equal. In fat, by the bijetion between ] − 1, 1[ and ]0,∞[ given by t = u−1u+1 ,
t ∈]− 1, 1[, u > 0 we have
(
1− t2
|1− tenx|2
)n−1
2
=
(
1− t2
1 + 2 〈ten, x〉+ t2
)n−1
2
=
 1−
(
u−1
u+1
)2
1 + 2u−1
u+1xn +
(
u−1
u+1
)2

n−1
2
=
14
=(
4u
2(u2 + 1) + 2(u2 − 1)xn
)n−1
2
=
(
4u2
[(u2 − 1) cosφ+ (u2 + 1)]2
)n−1
4
.
Next, we onstrut a quasi-invariant measure on X. For that, we need rst to onstrut
a quasi-invariant measure on the homogeneous spae Y = Bn/(Dn−1en ,∼l) and, afterwards,
to extend it to the homogeneous spae X.
First we observe that the measure dµ(ten) =
2(1−t)n−2
(1+t)n dt is a quasi-invariant measure
on Y = Bn/(Dn−1en ,∼l). In fat, for all a ∈ Bn and b ∈ Len suh that a = s∗a∗s∗, with
s∗ = s1 . . . sn−2 ∈ Spin(n − 1) (.f. Lemma 4) we have that −a ⊕ b = (s∗(−a∗)s∗) ⊕ b =
s∗(−a∗ ⊕ (s∗bs∗))s∗ = s∗(−a∗ ⊕ b)s∗. Thus, the equivalene lasses [−a⊕ b] and [−a∗ ⊕ b]
are equal. Therefore, to prove the quasi-invariane of our measure we only need to onsider
the ation of a = (0, . . . , 0, an−1, an) on b = ten ∈ Len .
Let d = −a⊕b = ϕa(b) =
(
0, . . . , 0, −(1+t
2−2ant)an−1
1−2ant+|a|2t2 ,
(1−|a|2)t−(1+t2−2ant)an
1−2ant+|a|2t2
)
. Applying
the projetion formulas (12) we obtain the new equivalene lass, given by
t∗ = τa(t) =
−2an(1 + t2) + 2(1 − a2n−1 + a2n)t√
C1(t)C2(t) + (1 + |a|2)(1 + t2)− 4tan
,
with C1(t) := (1− t)2a2n−1+(1+ t)2(1−an)2 and C2(t) := (1+ t)2a2n−1+(1− t)2(1+an)2.
Dierentiating with respet to t we obtain
τ ′a(t) =
2(1− t2)(1 + a2n−1 − a2n)(1− |a|2)
C1(t)C2(t) + ((1 + |a|2)(1 + t2)− 4ant)
√
C1(t)C2(t)
.
Therefore, the Radon-Nikodym derivative of dµ([−a⊕b]) with respet to dµ(b) is given
by
χ(a, b) =
dµ([−a⊕ b])
dµ(b)
=
(1− τa(t))n−2(1 + t)n
(1 + τa(t))n(1− t)n−2 τ
′
a(t).
For the speial ase of a = anen ∈ Len we obtain χ(a, b) =
(
1+an
1−an
)n−1
. Sine for eah a
we have that τ ′a(t) > 0, for all t ∈] − 1, 1[ we onlude that χ(a, b) ∈ R+, for all a ∈ Bn
and b ∈ Len , thus proving that the measure dµ(b) is quasi-invariant. For h ∈ L1(Len) we
have ∫
Len
h([a⊕ b])dµ(b) =
∫
Len
h(b)dµ([−a ⊕ b]) =
∫
Len
h(b)χ(a, b)dµ(b).
The behavior of χ(a, b) depends on the dimension. For n = 3 the funtion χ(a, b) is bounded
in the variable b, i.e. for eah a ∈ Bn there exists a onstant M(a) = (1−|a|
2)(1+a2n−1−a2n)
(1−an)4 ∈
R+ suh that χ(a, b) ≤M(a), for all b ∈ Len , sine χ(a, b) is an inreasing funtion of the
variable b, for eah a 6= 0. Thus, dµ([−a⊕ b]) ≤M(a) dµ(b). For n > 3 this estimate is not
valid sine the funtion χ(a, b) is no longer bounded in b.
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The measure dµ(ten) is equivalent to the measure dµ(u) =
du
un , by means of the bijetion
given by t = u−1u+1 (u ∈ R+ and t ∈] − 1, 1[ ). A quasi-invariant measure for X is given by
dµ(s, ten) =
2(1−t)n−2
(1+t)n dt dµ(s), where dµ(s) is the invariant measure on Spin(n).
The measure dµ(s, σ(ten)) = χ(σ(ten), ten)dµ(s, ten) is the standard quasi-invariant
measure for an arbitrary Borel setion Wσ (see [4℄). The quasi-invariant measure on a
setion is unique (up to equivalene), that is, if µ1 and µ2 are quasi-invariant measures
on X then there is a Borel funtion β : X → R+, suh that dµ1(x) = β(x)dµ2(x), for
all x ∈ X. Thus, we will use the same measure for all Borel setions. To avoid questions
of integrability we will restrit our attention only to ontinuous setions, that is setions
σ(ten) suh that the generating funtion g is of lass C(]− 1, 1[).
Let N(n, l) be the number of all linearly independent homogeneous harmoni polyno-
mials of degree l in n variables and {Y Ml ,M = 1, . . . , N(n, l)}
∞
l=0 be an orthonormal basis of
spherial harmonis, i.e. < YMl , Y
M ′
l′ >L2(Sn−1)= δll′δMM ′ . Thus, a funtion f ∈ L2(Sn−1)
has the Fourier expansion
f(x) =
∞∑
l=0
N(n,l)∑
M=1
f̂(l,M)Y Ml (x), (20)
where f̂(l,M) :=< YMl , f >L2(Sn−1) are the Fourier oeients of f .
We will also make use of Wigner D−funtions [9℄ whih appear as the following trans-
formation formula for spherial harmonis
(R(s)YMl )(x) = Y
M
l (sxs) =
N(n,l)∑
M ′=1
DlMM ′(s)Y
M ′
l (x), s ∈ Spin(n)
and satisfy the orthogonality relations∫
Spin(n)
DlMN (s)D
l′
M ′N ′(s)dµ(s) =
1
N(n, l)
δll′δMM ′δNN ′ . (21)
Using the orthogonality of spherial harmonis and Wigner-D funtions we an state
the following admissibility ondition (.f. Theorem 4.2, [9℄).
Theorem 3 The representation U given in (19) is square integrable modulo ({1}×Dn−1en ,∼
∗
l )
and the setion Wσ if there exists a nonzero admissible vetor ψ ∈ L2(Sn−1, dS) satisfying
1
N(n, l)
N(n,l)∑
M=1
∫ 1
−1
|ψ̂σ(ten)(l,M)|2 dµ(ten) <∞, (22)
uniformly in l, where ψ̂σ(ten)(l,M) =< Y
M
l ,Dσ(ten)ψ >L2(Sn−1) .
In order to investigate the existene of admissible funtions for a given setion Wσ we
will projet the admissibility ondition on the sphere to the tangent plane. The idea is to
ompare every global ontinuous setion σ(ten) with the fundamental setion σ0, sine by
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denition every setion σ(ten) = ten⊕f(t)en−1 is a Möbius deformation of the fundamental
setion.
We onsider the tangent plane of the sphere Sn−1 at the North Pole and we denote by
Φ the stereographi projetion map Φ : Sn−1 → Rn−1 ∪ {∞} given by
Φ(x) =
(
2x1
1 + xn
, . . . ,
2xn−1
1 + xn
)
x ∈ Sn−1\{(0, . . . , 0,−1)},
and Φ(0, . . . , 0,−1) =∞. The inverse mapping Φ−1 : Rn−1 ∪ {∞} → Sn−1 is given by
Φ−1(y) =
(
4y1
4 + |y|2 , . . . ,
4yn−1
4 + |y|2 ,
4− |y|2
4 + |y|2
)
, y ∈ Rn−1
and Φ−1(∞) = (0, . . . , 0,−1).
To perform the stereographi projetion of ϕa(x) we will use the Cayley transformation
in R
n. It is a onformal mapping from the unit ball Bn into the upper half spae H+n =
{x ∈ Rn : xn > 0} dened by y = (x+ en)(1+ enx)−1. The stereographi projetion Φ an
be rewriten in terms of the inverse of the Cayley transformation that is
Φ(x) = 2(x− en)(1− enx)−1 =
(
2x1
1 + xn
, . . . ,
2xn−1
1 + xn
)
.
Theorem 4 The intertwining relation Φ(ϕa(x)) = ϕ˜(Φ(x)) holds, where ϕ˜(x) is the Möbius
transformation in R
n−1
dened by the Vahlen matrix
1√
1− |a|2
(
1 + an 2(−a+ anen)
a−anen
2 1− an
)
. (23)
Proof: Solving the system of equations in order to u, v,w, z ∈ Γ(n) we obtain:(
2 −2en
−en 1
)(
1 −a
a 1
)
=
(
u v
w z
)(
2 −2en
−en 1
)
⇔

2u− ven = 2− 2ena
−2uen + v = −2a− 2en
2w − zen = −en + a
−2wen + z = 1 + ena
⇔

u = 2−2ena+ven2
v = −2a− 2en + 2uen
w = −en+a+zen2
z = 1 + ena+ 2wen
⇔

u = 1 + an
v = −2a+ 2anen
w = a−anen2
z = 1− an
.
In the resolution of the system we used the identities enaen = −2anen + a and ena +
aen = −2an. After normalization we obtain the matrix (23), whih is in the Cliord group
Γ(1, n + 1), by Theorem 1, and thus, it represents a Möbius transformation in Rn−1.
Now, we will onsider the unitary stereographi projetion operatorΘ from L2(Sn−1, dS)
into L2(Rn−1, rn−2dr dSn−2) and we will nd the stereographi mapping in Rn−1 that in-
tertwines with the dilation operator Da. To distinguish funtions from dierent spaes we
will use the onvention f ∈ L2(Sn−1) and F ∈ L2(Rn−1).
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Lemma 6 The map Θ : L2(Sn−1, dS) → L2(Rn−1, rn−2dr dSn−2) dened by
f(θ1, . . . , θn−2, φ) 7→ F (θ1, . . . , θn−2, r) =
(
4
4 + r2
)n−1
2
f(θ1, . . . , θn−2, 2 arctan(r/2))
is a unitary map. In artesian oordinates it reads as
f(x) 7→ F (y) =
(
4
4 + |y|2
)n−1
2
f(Φ−11 (y)). (24)
Proof: By the hange of variables φ = 2arctan(r/2), that is, r = 2 tan(φ/2) =
2
√
1−cos φ
1+cos φ we have
||Θf ||2 =
∫
Sn−2
∫ ∞
0
∣∣∣∣∣
(
4
4 + r2
)n−1
2
f(θ1, . . . , θn−2, 2 arctan(r/2))
∣∣∣∣∣
2
rn−2dr dSn−2
=
∫
Sn−2
∫ pi
0
|f(θ1, . . . , θn−2, φ)|2 sinn−2 φdφdSn−2
= ||f ||2L2(Sn−1,dS).
Theorem 5 Let y ∈ Rn−1, and ϕ˜(y) := c1y+c2c3y+c4 be the Möbius transformation obtained
from the matrix (23), with c1 =
1+an√
1−|a|2 , c2 =
2(−a+anen)√
1−|a|2 , c3 =
a−anen
2
√
1−|a|2 and c4 =
1−an√
1−|a|2 .
Then we have the intertwining relation
ΘDaψ = MΘψ, (25)
where MF (y) =
(
4(1−|a|2)
|−(a−anen)y+2(1+an)|2
)n−1
2
F (ϕ˜−1(y)) is the unitary operator assoiated
with ϕ˜−1(y) = c4y−c2−c3y+c1 .
Proof: By denition we have
ΘDaψ(y) =
(
4
4 + |y|2
)n−1
2
(
1− |a|2
|1− aΦ−1(y)|2
)n−1
2
ψ
(
ϕ−a(Φ
−1
1 (y))
)
(26)
and
MΘψ(y) =
„
4(1− |a|2)
| − (a− anen)y + 2(1 + an)|2
«n−1
2
„
4
4 + |eϕ−1(y)|2
«n−1
2
ψ
`
Φ−11 (eϕ−1(y))´ . (27)
First we observe that
ϕ−a(Φ−1(y)) = Φ−1(ϕ˜−1(y)), ∀y ∈ Rn−1. (28)
If ϕ−a(Φ−1(y)) = x ∈ Sn−1 then y = Φ(ϕa(x)). Moreover, if Φ−1(ϕ˜−1(y)) = x, then
y = ϕ˜(Φ(x)). Sine the relation Φ(ϕa(x)) = ϕ˜(Φ(x)) holds (Theorem 4) we onlude that
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the relation (28) is true. It remains to prove that the weights in (26) and (27) are equal.
On the one hand,
4
4 + |y|2
1− |a|2
|1− aΦ−1(y)|2 =
4
4 + |y|2
1− |a|2
1 + 2 〈a,Φ−1(y)〉+ |a|2
=
4(1− |a|2)
(1 + |a|2)(4 + |y|2) + 2an(4− |y|2) + 8(〈a, y〉 − anyn) .
On the other hand, sine
|ϕ˜−1(y)|2 = |c4y − c2|
2
| − c3y + c1|2 = 4
(1− an)2|y|2 + 4(1− an)(〈a, y〉 − anyn) + 4(|a|2 − a2n)
(|a|2 − a2n)|y|2 + 4(1 + an)(〈a, y〉 − anyn) + 4(1 + an)2
and
| − (a− anen)y + 2(1 + an)|2 = (|a|2 − a2n)|y|2 + 4(1 + an)(〈a, y〉 − anyn) + 4(1 + an)2
we obtain, after some omputations
4(1− |a|2)
| − (a− anen)y + 2(1 + an)|2
4
4 + |eϕ−1(y)|2 =
4(1− |a|2)
(1 + |a|2)(4 + |y|2) + 2an(4− |y|2) + 8(〈a, y〉 − anyn)
.
Thus, the result follows.
The group SL2(Γ(n)∪{0}) admits an Iwasawa deomposition similar to the deompo-
sition of the group SL2(C). The Iwasawa deomposition of a generi element of SL2(Γ(n)∪
{0}) is (
u v
w z
)
=
(
α β
−β α
)(
δ−1/2 0
0 δ1/2
)(
1 ξ
0 1
)
(29)
where α, β, ξ ∈ Γ(n) ∪ {0} and δ ∈ R+, uz∗ − vw∗ = 1 and
δ = (|u|2 + |w|2)−1, α = uδ1/2, β = −wδ1/2,
ξ = u−1(v + wδ), if u 6= 0 or ξ = w−1(z − uδ), if w 6= 0.
The Iwasawa deomposition of the matrix 23 yields the parameters
α =
2(1 + an)√
4(1 + an)2 + |a|2 − a2n
, β =
a− anen√
4(1 + an)2 + |a|2 − a2n
,
δ =
4(1 − |a|2)
4(1 + an)2 + |a|2 − a2n
, ξ =
2(−a+ anen)(5 + 3an)
4(1 + an)2 + |a|2 − a2n
. (30)
Departing from the Iwasawa deomposition with parameters (30) we dene the follow-
ing unitary operators on L2(Rn−1) :
Rα,βF (y) =
(
1
| − βy + α|2
)n−1
2
F
(
αy + β
−βy + α
)
;
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DδF (y) = δ−
n−1
2 F
(y
δ
)
; T ξF (y) = F (y + ξ).
As these mappings are isometries whose ranges inlude the whole spae L2(Rn−1) the
adjoint and inverse operators are idential.
Lemma 7 The adjoint operators to Rα,β, Dδ and T ξ are given by
(Rα,β)∗ = Rα,−β, (Dδ)∗ = D
1
δ , and (T ξ)∗ = T−ξ. (31)
Proposition 9 The operator M admits the following fatorization
MF = Rα,−βD
1
δT−ξF. (32)
Proof: We have
MF (y) =
(
4(1− |a|2)
| − (a− anen)y + 2(1 + an)|2
)n−1
2
F (ϕ˜−1(y))
and
Rα,−βD
1
δ T−ξ F (y) =
(
δ
|α− βy|2
)n−1
2
F
(
δ
αy − β
βy + α
− ξ
)
.
First we prove the equality between arguments. On the one hand,
ϕ˜−1(y) =
c4y − c2
−c3y + c1 =
2(1− an)y − 4(−a+ anen)
(−a+ anen)y + 2(1 + an) .
On the other hand,
δ
αy − β
βy + α
− ξ = (δα − βξ)y − (δβ + αξ)
βy + α
=
2(1− an)y − 4(−a+ anen)
(−a+ anen)y + 2(1 + an) .
Finally, sine
(
δ
|α−βy|2
)n−1
2
=
(
4(1−|a|2)
|−(a−anen)y+2(1+an)|2
)n−1
2
we have the desired fatorization.
Corollary 2 The intertwining relation (25) an be written as
ΘDaψ = R
α,−βD
1
δT−ξΘψ. (33)
Corollary 3 For a = ten ∈ Len (restrition to the Spin(1, 1) ase) we obtain the well-
known intertwining relation
ΘDtenψ = D
1+t
1−tΘψ. (34)
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Relation (33) is the generalization of relation (34). The rst ase orrespond to
the isotropi ase of Antoine and vandergheynst and the seond ase orrespond to the
anisotropi ase, for a ∈ Bn\Len .
For an arbitrary global left setion σ(ten) = ten ⊕ g(t)en−1 (15), the parameters (30)
beome
αt =
2(1 + tg(t)2)√
(1 + t2 + 6t)g(t)2 + 4(1 + t2g(t)4)
,
βt =
(1− t)g(t)√
(1 + t2 + 6t)g(t)2 + 4(1 + t2g(t)4)
en−1,
δt =
4(1− t)(1 − g(t)2)(1 + t2g(t)2)
(t+ 1)((1 + t2 + 6t)g(t)2 + 4(1 + t2g(t)4))
,
ξt =
2(t− 1)g(t)((5t2 + 3t)g(t)2 + 3t+ 5)
(t+ 1)((1 + t2 + 6t)g(t)2 + 4(1 + t2g(t)4))
en−1 . (35)
When g(t) ≡ 0, (restrition to the fundamental setion - Spin(1, 1) ase) we obtain
α = 1, β = 0, ξ = 0 and δ = 1−t1+t , whih reets again the fat that we obtain a pure
dilation.
Lemma 8 The parameter δt an be written as a deformation of the pure dilation parame-
ter, i.e. δt =
1−t
1+tδ
∗
t , with δ
∗
t =
4(1−g(t)2)(1+t2g(t)2)
(1+t2+6t)g(t)2+4(1+t2g(t)4)
, and where δ∗t satises the estimate
0 < δ∗t <
2(3−2√3)
3(−2+√3) , for all t ∈]− 1, 1[.
Proof: As g(t) ∈] − 1, 1[, for every t ∈] − 1, 1[, the study of the behavior of the
parameter δ∗t is equivalent to the study of the behavior of the funtion of two variables
h(t, λ) = 4(1−λ
2)(1+t2λ2)
(1+t2+6t)λ2+4(1+t2λ4)
, with t, λ ∈]− 1, 1[. Sine for eah λ ∈]− 1, 1[
1− λ2
1 + λ2
< h(t, λ) <
1− λ4
1 + λ4 − λ2 , ∀ t ∈]− 1, 1[
we onlude that
0 < h(t, λ) <
2(3 − 2√3)
3(−2 +√3) , ∀ t, λ ∈]− 1, 1[.
Therefore,
0 < δ∗t <
2(3− 2√3)
3(−2 +√3) , ∀ t ∈]− 1, 1[.
Now, we will prove the main theorem of this paper onerning the square-integrability
of the representation U over an arbitrary ontinuous setion Wσ.
Theorem 6 Let ψ ∈ L2(Sn−1) suh that the family {RsDtenψ, s ∈ Spin(n), t ∈]− 1, 1[} is
a ontinuous frame, that is, there exist onstants 0 < A ≤ B <∞ suh that
A||f ||2 ≤
∫
Spin(n)
∫ 1
−1
| 〈f,RsDtenψ〉 |2dµ(ten) dµ(s) ≤ B||f ||2, ∀f ∈ L2(Sn−1). (36)
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Then ψ is an admissible funtion for any ontinuous setionWσ and the system {RsDσ(ten)ψ, s ∈
Spin(n), t ∈]− 1, 1[ } is also a ontinuous frame.
Proof: For every a ∈ Bn and f ∈ L2(Sn−1) arbitrary we have∫
Spin(n)
∫ 1
−1
∣∣∣〈f,RsDaψ〉L2(S2)∣∣∣2 dµ(ten)dµ(s)
=
∫
Spin(n)
∫ 1
−1
∣∣∣〈Rs f,Daψ〉L2(S2)∣∣∣2 dµ(ten)dµ(s)
=
∫
Spin(n)
∫ 1
−1
∣∣∣〈ΘRs f,ΘDaψ〉L2(R2)∣∣∣2 dµ(ten)dµ(s) (by Lemma 6)
=
∫
Spin(n)
∫ 1
−1
∣∣∣∣〈ΘRs f,Rα,−βD 1δ T−ξΘψ〉L2(Rn−1)
∣∣∣∣2 dµ(ten)dµ(s) (by (33))
=
∫
Spin(n)
∫ 1
−1
∣∣∣∣〈ΘRs f,Rα,−βT− ξδD 1δΘψ〉L2(Rn−1)
∣∣∣∣2 dµ(ten)dµ(s)
=
∫
Spin(n)
∫ 1
−1
∣∣∣∣〈T ξδRα,βΘRs f ,D 1δΘψ〉L2(Rn−1)
∣∣∣∣2 dµ(ten)dµ(s) (by (7)). (37)
Now we onsider a = σ(ten) and the parameters (35). By Lemma 8, the integral (37)
beomes ∫
Spin(n)
∫ 1
−1
∣∣∣∣∣
〈
Dδ
∗
t T
ξt
δtRαt,βtΘRs f ,D
1+t
1−tΘψ
〉
L2(Rn−1)
∣∣∣∣∣
2
dµ(ten)dµ(s). (38)
For eah s ∈ Spin(n) and t ∈]− 1, 1[ we have˛˛˛˛fi
D
δ∗t T
ξt
δt R
αt,βtΘRs f,D
1+t
1−tΘψ
fl˛˛˛˛2
≤ sup
t′∈]−1,1[
˛˛˛˛fi
D
δ∗
t′ T
ξ
t′
δ
t′ R
αt′ ,βt′ΘRs f,D
1+t
1−tΘψ
fl˛˛˛˛2
| {z }
I
and
inf
t′∈]−1,1[
˛˛˛˛fi
D
δ∗
t′ T
ξ
t′
δ
t′ R
αt′ ,βt′ΘRs f,D
1+t
1−tΘψ
fl˛˛˛˛2
| {z }
II
≤
˛˛˛˛fi
D
δ∗t T
ξt
δt R
αt,βtΘRs f,D
1+t
1−tΘψ
fl˛˛˛˛2
.
Let t1, t2 ∈ [−1, 1] suh that
I :=
˛˛˛˛
˛
*
D
δ∗t2 T
ξt2
δt2 R
αt2 ,βt2ΘRs f,D
1+t
1−tΘψ
+˛˛˛˛
˛
2
and
II :=
˛˛˛˛
˛
*
D
δ∗t1 T
ξt1
δt1 R
αt1 ,βt1ΘRs f,D
1+t
1−tΘψ
+˛˛˛˛
˛
2
.
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Thus, we obtain∫
Spin(n)
∫ 1
−1
∣∣∣∣∣∣
〈
Dδ
∗
t1T
ξt1
δt1 Rαt1 ,βt1ΘRs f,D
1+t
1−tΘψ
〉
L2(Rn−1)
∣∣∣∣∣∣
2
dµ(ten)dµ(s) ≤
∫
Spin(n)
∫ 1
−1
∣∣∣∣∣
〈
Dδ
∗
t T
ξt
δtRαt,βtΘRs f,D
1+t
1−tΘψ
〉
L2(Rn−1)
∣∣∣∣∣
2
dµ(ten)dµ(s) ≤
∫
Spin(n)
∫ 1
−1
∣∣∣∣∣∣
〈
Dδ
∗
t2T
ξt1
δt1 Rαt1 ,βt1ΘRs f,D
1+t
1−tΘψ
〉
L2(Rn−1)
∣∣∣∣∣∣
2
dµ(ten)dµ(s).
Sine for t ∈ [−1 + ǫ, 1 − ǫ], ǫ > 0, the operators Dδ∗t , T
ξt
δt
and Rαt,βt are unitary
and bijetive mappings we only need to study the ase of t → ±1. In this ase, the
parameter
ξt
δt
assoiated to the operator T
ξt
δt
an beome innity. But, it is easy to see
that the omposition of the operators Dδ
∗
t
and T
ξt
δt
is well behaved. Thus, for eah f ∈
L2(Sn−1) we an nd f1, f2 ∈ L2(Sn−1) suh that Dδ
∗
t1T
ξt1
δt1 Rαt1 ,βt1ΘRs f = ΘRs f1 and
Dδ
∗
t2T
ξt2
δt2 Rαt2 ,βt2ΘRs f = ΘRs f2 with ||f1|| = ||f2|| = ||f ||.
Therefore, we have∫
Spin(n)
∫ 1
−1
∣∣∣∣〈ΘRs f1,D 1+t1−tΘψ〉L2(Rn−1)
∣∣∣∣2 dµ(ten)dµ(s) ≤∫
Spin(n)
∫ 1
−1
∣∣∣∣∣
〈
Dδ
∗
t T
ξt
δtRαt,βtΘRs f,D
1+t
1−tΘψ
〉
L2(Rn−1)
∣∣∣∣∣
2
dµ(ten)dµ(s) ≤∫
Spin(n)
∫ 1
−1
∣∣∣∣〈ΘRs f2,D 1+t1−tΘψ〉L2(Rn−1)
∣∣∣∣2 dµ(ten)dµ(s). (39)
By (33), (37), and Lemma 6, ondition (39) beomes∫
Spin(n)
∫ 1
−1
∣∣∣〈f1, RsDtenψ〉L2(Sn−1)∣∣∣2 dµ(ten)dµ(s) ≤∫
Spin(n)
∫ 1
−1
∣∣∣〈f,RsDσ(ten)ψ〉L2(Sn−1)∣∣∣2 dµ(ten)dµ(s) ≤∫
Spin(n)
∫ 1
−1
∣∣∣〈f2,DtenΘψ〉L2(Sn−1)∣∣∣2 dµ(ten)dµ(s). (40)
As, by hypothesis, ψ satises ondition (36) there exist onstants 0 < A ≤ B < ∞
suh that
A||f1||2 ≤
∫
Spin(n)
∫ 1
−1
| 〈f,RsDσ(ten)ψ〉 |2dµ(ten)dµ(s) ≤ B||f2||2, ∀f ∈ L2(Sn−1),
and so, sine ||f1|| = ||f2|| = ||f ||, the result holds.
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As a onsequene of this theorem we onlude that there exists ψ ∈ L2(Sn−1) suh
that the ondition (22) is satised.
For an arbitrary setion Wσ and an admissible funtion ψ ∈ L2(Sn−1) we dene the
generalized spherial CWT
Wψ[f ](s, σ(ten)) =
〈
RsDσ(ten)ψ, f
〉
=
∫
Sn−1
RsDσ(ten)ψ(x)f(x)dS. (41)
For eah setion σ and eah funtion ψ 6= 0 we dene an operator Aψσ by〈
Aψσf, f
〉
=
∫
Spin(n)
∫ 1
−1
| 〈f,RsDσ(ten)ψ〉 |2dµ(ten)dµ(s).
It is a Fourier multiplier given by Âψσh(l,M) = C
ψ
σ (l)ĥ(l,M), with
Cψσ (l) :=
1
N(n, l)
N(n,l)∑
M=1
∫ 1
−1
|ψ̂σ(ten)(l,M)|2dµ(ten).
By Theorem 6, for an admissible wavelet the operator Aσ is bounded with bounded
inverse, sine there exist onstants 0 < C1 ≤ C2 <∞ suh that C1 ≤ Cψσ (l) ≤ C2.
The wavelet transform (41) is a mapping from L2(Sn−1, dS) to L2(Spin(n) × σ(ten),
dµ(s)dµ(ten)). Moreover, there exists a reonstrution formula and also a Planherel The-
orem.
Proposition 10 Let f ∈ L2(Sn−1). If ψ is an admissible wavelet then
f(x) =
∫ 1
−1
∫
Spin(n)
Wψ[f ](s, σ(ten))[Rs(A
ψ
σ )
−1Dσ(ten)ψ](x) dµ(s) dµ(ten). (42)
Proof: Let ψσ(ten) := Dσ(ten)ψ. Then we have
[Rs(A
ψ
σ )
−1ψσ(ten)](x) =
∑
l∈N
∑
M
∑
N
1
Cψσ (l)
DlMN (s)ψ̂σ(ten)(l,M)Y
N
l (x). (43)
The wavelet oeients Wψ[f ](s, σ(ten)) dened in (41) may be written as
Wψ[f ](s, σ(ten)) =
∑
l∈N
∑
M
∑
N
DlMN (s)ψ̂σ(ten)(l,M)f̂(l,N). (44)
Inserting expressions (43) and (44) in (42) and using the orthogonality relation for Wigner
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D−funtions, we obtain∫ 1
−1
∫
Spin(n)
Wψ[f ](s, σ(ten))[Rs(A
ψ
σ )
−1Dσ(ten)ψ](x) dµ(s) dµ(ten) =
=
∫ 1
−1
∫
Spin(n)
∑
l∈N
∑
M
∑
N
DlMN (s)ψ̂σ(ten)(l,M)f̂(l, N)
∑
l′∈N
∑
M ′
∑
N ′
1
Cψσ (l′)
Dl
′
M ′N ′(s)ψ̂σ(ten)(l
′,M ′)Y N
′
l′ (x)dµ(s)dµ(ten)
=
∑
l,l′
∑
M,M ′
∑
N,N ′
∫ 1
−1
ψ̂σ(ten)(l,M)ψ̂σ(ten)(l
′,M ′)dµ(ten) f̂(l, N)Y
N ′
l′ (x)
1
Cψσ (l′)
∫
Spin(n)
DlMN (s)D
l′
M ′N ′(s)dµ(s)
=
∑
l∈N
∑
N
f̂(l, N)Y Nl (x)
1
Cψσ (l)
[
1
N(n, l)
∑
M
∫ 1
−1
|ψ̂σ(ten)(l,M)|2dµ(ten)
]
(by (21))
=
∑
l∈N
∑
N
f̂(l, N)Y Nl (x)
= f(x).
Corollary 4 For an admissible wavelet ψ the following Planherel relation is satised
||f ||2 =
∫ 1
−1
∫
Spin(n)
W˜ψ[f ](s, σ(ten))Wψ[f ](s, σ(ten)) dµ(s) dµ(ten) (45)
with
W˜ψ[f ](s, σ(ten)) =
〈
ψ˜(s,σ(ten)), f
〉
=
〈
Rs(A
ψ
σ )
−1Dσ(ten)ψ, f
〉
. (46)
As a onsequene of Theorem 6, every admissible funtion for the fundamental setion
Wσ0 is also an admissible funtion for any global ontinuous setion Wσ. We propose the
following denition for the new wavelets arising from the ation of the onformal group.
Denition 4 For a given global ontinuous setion Wσ and an admissible ψ ∈ L2(Sn−1)
the wavelets (or system of oherent states) obtained as
ψ(s,σ(ten))(x) := U(s, σ(ten))ψ(x) = RsDσ(ten)ψ, s ∈ Spin(n), t ∈]− 1, 1[
are alled spherial onformlets.
6 Anisotropy and ovariane of the generalized SCWT
The generalized spherial CWT depends on the hosen setion, where the pure dilation
operator is replaed by an anisotropi dilation operator varying ontinuously from sale to
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sale. One essential question is to understand what kind of dilations are obtained when the
Möbius transformation ϕten(x) is replaed by a Möbius transformation ϕσ(ten)(x). The study
made in [12℄ of the inuene of the parameter a ∈ Bn on a given spherial ap entered at
the North Pole allow us to understand the loal harater of anisotropi dilations. By the
Unique Deomposition Theorem (Theorem 2) we obtain the following fatorization of the
dilation operator Dc, for eah c ∈ Bn.
Proposition 11 Let c ∈ Bn suh that c = b⊕ a, with a ∈ Dn−1en and b ∈ Len . Then
Dcf(x) = DbDaRqf(x), with q =
1− ab
|1− ab| . (47)
Proof: On the one hand we have,
Dcf(x) = Db⊕af(x) =
(
1− |b⊕ a|2
|1− (b⊕ a)x|2
)n−1
2
f(ϕ−b⊕a(x))
=
(
(1− |a|2)(1− |b|2)
|1− ab− (a+ b)x|2
)n−1
2
f(ϕ−b⊕a(x)).
As −ϕa(x) = ϕ−a(−x) then −b⊕ a = −ϕ−b(a) = ϕb(−a) = (−b)⊕ (−a).
Moreover, by (2) we have that ϕ−a ◦ ϕ−b(x) = qϕ(−b)⊕(−a)(x)q, with q = 1−ab|1−ab| , and
thus
ϕ−b⊕a(x) = q(ϕ−a(ϕ−b(x)))q. (48)
Therefore, we have
DbDaRqf(x) =
(
1− |b|2
|1− bx|2
1− |a|2
|1− aϕ−b(x)|2
)n−1
2
f(qϕ−a(ϕ−b(x))q)
=
(
(1− |a|2)(1 − |b|2)
|1− ab− (a+ b)x|2
)n−1
2
f(ϕ−b⊕a(x)), by (48).
By (47) we onlude that the operator DaRq express the anisotropy harater of the
dilation.
Denition 5 We dene the anisotropy of a setion σ(ten) = ten ⊕ g(t)en−1 as
ǫg :=
∫ 1
−1
||Dg(t)en−1Rq(t) − I||dt. (49)
Sine the operators Dg(t)en−1 and Rq(t) are unitary we have an upper bound for our
anisotropy, 0 ≤ ǫg ≤ 4. The onept of anisotropy has an important meaning, however,
it is very diult to ompute the quantity ǫg. For that reason we propose an alternative
denition using the generating funtion of the setion σ(ten).
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Denition 6 The p-deviation of the global ontinuous setion σ(ten) is given by
ǫ∗g,p :=
∫ 1
−1
||σ(ten)− ten||pdt, 1 ≤ p <∞
while we dene the innity deviation as ǫ∗g,∞ := sup
t∈]−1,1[
||σ(ten)− ten||.
Proposition 12 The p−deviation of σ(ten) is given by
ǫ∗g,p :=
∫ 1
−1
(
|g(t)|(1 − t2)√
1 + t2g(t)2
)p
dt, 1 ≤ p <∞
and the innity deviation is given by ǫ∗g,∞ := sup
t∈]−1,1[
|g(t)|(1 − t2)√
1 + t2g(t)2
.
For instane, for the setions σλ(ten) dened in Setion 4 we obtain
ǫ∗λ,p := |λ|p
∫ 1
−1
(
1− t2√
1 + t2λ2
)p
dt, (e.g. ǫ∗λ,1 =
|λ|(2λ2 ln(λ+√1+λ2)−λ√1+λ2+ln(λ+√1+λ2)
λ3 ) and
ǫ∗λ,∞ = |λ|, while for the setions σc(φ) we obtain ǫ∗c,p := |c|p
∫ pi
0
sinp φdφ (e.g. ǫ∗c,1 = 2|c|)
and ǫ∗c,∞ = |c|.
The question of ovariane of the spherial CWT (41) under rotations and dilations
is very important. In the at ase, the usual n−dimensional CWT is fully ovariant
with respet to translations, rotations, and dilations, and this property is essential for
appliations, in partiular, the ovariane under translations. In fat, ovariane is a
general feature of all oherent state systems diretly derived from a square integrable
representation [4℄. However, when the representation is only square integrable over a
quotient of the group then no general theorem is available. In the ase of onformlets the
results are the following:
• The spherial CWT (41) is ovariant under rotations on Sn−1 : for any s1 ∈ Spin(n),
the transform of the rotated signal f(s1xs1) is the funtion Wψ[f ](s1s, σ(ten)).
• The spherial CWT (41) is not ovariant under dilations. The wavelet transform of
the dilated signal Dσ(t1en)f(x), is of the form
Wψ[f ](s, (sσ(t1en)s)⊕ (−σ(ten))) as we an see by diret alulations.
In fat, if we onsider the hange of variables ϕ−b(x) = y (⇔ x = ϕb(y)), with dSx =(
1−|b|2
|1+by|2
)n−1
dSy we obtain
Wψ [Dbf ](s, a) =
=
∫
Sn−1
(
1− |a|2
|1− asxs|2
)n−1
2
ψ(ϕ−a(sxs))
(
1− |b|2
|1− bx|2
)n−1
2
f(ϕ−b(x))dSx
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=∫
Sn−1
(
(1− |a|2)(1 − |b|2)3
|1− sasϕb(y)|2|1− bϕb(y)|2|1 + by|4
)n−1
2
ψ(ϕ−a(sϕb(y)s))f(y)dSy
=
∫
Sn−1
(
(1− |a|2)(1 − |b|2)
|1 + by − sas(y − b)|2
)n−1
2
ψ(ϕ(sbs)⊕(−a)(sys))f(y)dSy
= Wψ [f ](s, (sbs)⊕ (−a)), ∀s ∈ Spin(n), ∀a, b ∈ Bn.
As in general (sσ(t1en)s)⊕ (−σ(ten)) is not an element of the setion σ(ten), ovariane
under dilation does not hold. This is a onsequene of the parameter spae not being a
group and is a general feature of oherent systems based on homogeneous spaes. For
appliations, of ourse, it is the ovariane under rotations that is essential.
Aknowledgments
The author would like to thank Prof. Hans Feihtinger for his hospitality and support
during a visit at NuHAG, Department of Mathematis, University of Vienna as well as
Prof. J-P. Antoine and Prof. P. Vandergheynst for the support and disussions during a
stay at the Institut de Physique Theorique of Université Catholique de Louvain. The author
is also very thankful to H. Rauhut, M. Fornasier, U. Kähler, P. Cerejeiras and N. Faustino
for fruitful disussions. The work was supported by PhD-grant no. SFRH/BD/12744/2003
of Fundação para a Ciênia e a Tenologia of Portugal.
Referenes
[1℄ P. Abrial, Y. Moudden, M. Nguyen, J. L. Stark, Curvelet transform on the sphere,
IEEE International Conferene in Image Proessing (ICIP 05), 2005.
[2℄ P. Abrial, Y. Moudden, M. Nguyen, J. L. Stark, Wavelets, Ridgelets and Curvelets on
the sphere, Astronomy and Astrophysis 446 (2006), 1191-1024.
[3℄ L. Ahlfors, Möbius transformations in R
n
expressed through 2 × 2 matries if Cliord
numbers, Complex Variables 5 (1986), 215-221.
[4℄ S. T. Ali, J.-P. Antoine, J. P. Gazeau, Coherent States, Wavelets and their Generaliza-
tioins, Springer-Verlag, Berlin, 2000.
[5℄ S. T. Ali, J.-P. Antoine, J. P. Gazeau, Square integrability of group representations on
homogeneous spaes I. Reproduing triples and frames, Ann. Inst. Henri Poinaré 55
(1991), 829-855.
[6℄ S. T. Ali, J.-P. Antoine, J. P. Gazeau, Square integrability of group representations on
homogeneous spaes II. Coherent states and quasi-oherent states. The ase of Poinaré
group, Ann. Inst. Henri Poinaré 55 (1991), 857-890.
28
[7℄ J-P. Antoine, L. Demanet, L. Jaques, P. Vandergheynst, Wavelets on the sphere:
Implementation and approximations, Applied Comput. Harmon. Anal. 13 (2002), 177-
200.
[8℄ J.-P. Antoine, P. Vandergheynst, Wavelets on the 2-sphere: A group-Theoretial Ap-
proah, Appl. Comput. Harmon. Anal. 7 (1999), 262-291.
[9℄ J.-P. Antoine, P. Vandergheynst, Wavelets on the n-sphere and other manifolds, J.
Math. Physis 39 (1998), 3987-4008.
[10℄ R. B. Barreiro, L. Cayón, E. M. González, J. L. Sanz, P. Vielva, Detetion of Non-
Gaussianity in WMAP 1 Year Data, Astrophysial Journal 609 (2004), 22-34.
[11℄ L. Cayón, J. L. Sanz, E. M. González, A. J. Banday, F. Argüeso, J. E. Gallegos,
K. M. Górski, G. Hinshaw Spherial Mexian hat wavelet: an appliation to detet non-
Gaussianity in the COBE-DMR maps, Monthly Noties of the Royal Astronomial
Soiety 326 (2001), 1243.
[12℄ P. Cerejeiras, M. Ferreira, U. Kähler, F. Sommen, Continuous wavelet transform and
wavelet frames on the sphere using Cliord Analysis, Comm. Pure Appl. Math., Vol. 6
no. 3 (2007), 619-641.
[13℄ J. Cnops, Hurwitz pairs and appliations of Möbius transformations, Habilitation dis-
sertation, Universiteit Gent, Faulteit van de Wetenshappen, 1994.
[14℄ S. Dahlke, M. Fornasier, H. Rauhut, G. Steidl, G. Teshke, Generalized Coorbit The-
ory, Banah Frames and the Relation to α−Modulation Spaes, Pro. London Math.
So. (2005), to appear.
[15℄ S. Dahlke, G. Steidl, G. Teshke, Coorbit spaes and Banah Frames on Homogeneous
Spaes with Appliations to Analyzing Funtions on Spheres, Adv. Comput. Math. 21
no. 1-2 (2004), 147-180.
[16℄ R. Delanghe, F. Sommen, V. Sou£ek, Cliord analysis and spinor-valued funtions:
a funtion theory for the Dira operator, Math. Appl. 53 (1990), Kluwer Aad. Publ.,
Dordreht.
[17℄ J. Fillmore, A. Springer, Möbius groups over general elds using Cliord algebras
assoiated with spheres, Int. J. Theo. Phys. 29 (1990), 225-246.
[18℄ W. Freeden, T. Gervens, M. Shreiner, Construtive Approximation on the Sphere,
with Appliations to Geomathematis, Clarendon Press, Oxford, 1997.
[19℄ Y. Friedman, Physial Appliations of Homogeneous Balls, Birkhäuser, 2005.
[20℄ P. Frossard, I. Tosi, P. Vandergheynst Progressive oding of 3-D objets based on
overomplete deompositions, IEEE Trans. Ciruits and Syst. Video Tehnol. 16(11)
(2006), 1338-1349.
29
[21℄ S. Hanany, A. H. Jae, C. H. Lineweaver, L. Tenorio, Appliations of wavelets to the
analysis of osmi mirowave bakground maps, Monthly Noties of the Royal Astro-
nomial Soiety 310 (1999), 823-834.
[22℄ M. P. Hobson, A. N. Lasenby, J. D. MEwen, A diretional ontinuous wavelet trans-
form on the sphere, ArXiv, 2006, astro-ph/0609159.
[23℄ M. P. Hobson, A. N. Lasenby, J. D. MEwen, D. J. Mortlok, Fast diretional ontin-
uous spherial transform algorithms, IEEE Transations on Signal Proessing (2006),
in press.
[24℄ M. Holshneider, Continuous wavelet transforms on the sphere, J. Math. Phys. 37
(1996), 41564165.
[25℄ L. Jaques, P. Vandergheynst, Y. Wiaux, Correspondene priniple between spherial
and Eulidean wavelets, Astrophysial Journal, 632 issue 1 (2005), 1528.
[26℄ M. K. Kinyon, O. Jones, Loops and semidiret produts, Comm. Algebra 28(9) (2000),
4137-4164.
[27℄ V. Kisil, Monogeni Calulus as an Intertwining Operator, Bull. Belg. Math. So.
Simon Stevin 11 no. 5 (2005), 739-757.
[28℄ P. Shröder, W. Sweldens, Spherial wavelets: Eiently representing funtions on
the sphere, Computer Graphis Proeedings (SIG- GRAPH 95) (1995), 161-172.
[29℄ R. Takahashi, Sur les représentations unitaires des groupes de Lorentz généralisés,
Bulletin de la So. Math. Frane 91 (1963), 289-433.
[30℄ B. Torrésani, Position-frequeny analysis for signals dened on spheres, Signal Pro.
43 (1995), 341-346.
[31℄ A. A. Ungar, Analyti Hyperboli Geometry - Mathematial Foundations and Appli-
ations, World Sienti, 2005.
[32℄ A. A. Ungar, Thomas preession and the parametrization of the Lorentz transformation
group, Found. Phys. Lett. 1 (1988), 57-89.
[33℄ A. A. Ungar, Thomas preession: its underlying gyrogroup axioms and their use in
hyperboli geometry and relativisti physis, Found. Phys. 27(6) (1997), 881-951.
[34℄ N. Ja Vilenkin, A. U. Klimyk, Representations of Lie Groups and Speial Funtions,
Kluwer Aad. Publisher, Vol. 2, 1993.
30
